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Òåîðåìû Åðäåøà è Õåéäè î ïîëíîé ñõîäèìîñòè ñóìì íåçàâèñèìûõ îäè-
íàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí îáîáùåíû íà îòðèöàòåëü-
íî àññîöèèðîâàííûå ñëó÷àéíûå âåëè÷èíû. Äîêàçàòåëüñòâî îñíîâàíî íà
íîâîì ìàêñèìàëüíîì íåðàâåíñòâå äëß ñóìì îòðèöàòåëüíî àññîöèèðî-
âàííûõ ñëó÷àéíûõ âåëè÷èí.
Theorems of Erdos and Heyde on complete convergence for sums of indepen-
dent identically distributed random variables are generalized for negatively
associated random variables. The crucial role in our proving plays a new
maximal inequality for sums of negatively associated random variables.
Êëþ÷åâûå ñëîâà: îòðèöàòåëüíî àññîöèèðîâàííûå ñëó÷àéíûå âåëè÷è-
íû, öåíòðàëüíàß ïðåäåëüíàß òåîðåìà, ïîëíàß ñõîäèìîñòü.
Keywords: negatively associated random variables, central limit theorem,
complete convergence.
1. Ââåäåíèå
Ïóñòü îäèíàêîâî ðàñïðåäåëåííûå íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû Xn, n ∈
N = {1, 2, . . . }, îïðåäåëåíû íà âåðîßòíîñòíîì ïðîñòðàíñòâå (Ω,F , P ). Îáîçíà÷èì
Sn = X1 + · · · +Xn. Åðäåø [1] äîêàçàë, ÷òî ðßä
∑∞
n=1 P{|Sn| > εn} ñõîäèòñß äëß
ëþáîãî ε > 0 òîãäà è òîëüêî òîãäà, êîãäà EX1 = 0 è EX21 < ∞. Õåéäè [2] äîïîë-
íèë òåîðåìó Åðäåøà óòâåðæäåíèåì, ÷òî limε→0 ε2ENε = E|X1 − EX1|2, ãäå Nε =∑∞
n=1 I{|Sn|>εn}. Ñèìâîë IA îáîçíà÷àåò èíäèêàòîðíóþ ôóíêöèþ ìíîæåñòâà A. Òåî-
ðåìó Åðäåøà ìîæíî óñèëèòü â ñëåäóþùåì âèäå: ðßä
∑∞
n=1 P{max1≤k≤n |Sk| > εn}
ñõîäèòñß äëß ëþáîãî ε > 0 òîãäà è òîëüêî òîãäà, êîãäà EX1 = 0 è E|X21 | < ∞.
Óñèëåííàß òåîðåìà Åðäåøà ßâëßåòñß ÷àñòíûì ñëó÷àåì îáùåé òåîðåìû [3].
Öåëüþ íàøåé ñòàòüè ßâëßåòñß îáîáùåíèå òåîðåìû Õåéäè íà îòðèöàòåëüíî àñ-
ñîöèèðîâàííûå ñëó÷àéíûå âåëè÷èíû. Ìû äîêàæåì òàêæå àíàëîã òåîðåìû Õåéäè,
êîòîðûé ßâëßåòñß íîâûì äàæå äëß íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí. Äîêàçàòåëü-
ñòâî íàøèõ óòâåðæäåíèé îñíîâàíî íà îöåíêàõ âåðîßòíîñòåé áîëüøèõ óêëîíåíèé
äëß ìàêñèìàëüíûõ ñóìì îòðèöàòåëüíî àññîöèèðîâàííûõ ñëó÷àéíûõ âåëè÷èí. Îíè
ïðåäñòàâëßþò, êàê íàì êàæåòñß, ñàìîñòîßòåëüíûé èíòåðåñ. Ñ èõ ïîìîùüþ ìîæíî
îáîáùèòü óñèëåííûé âàðèàíò òåîðåìû Åðäåøà â ÷àñòè äîñòàòî÷íîñòè. Íàïîìíèì
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îïðåäåëåíèå è íåêîòîðûå ñâîéñòâà îòðèöàòåëüíî àññîöèèðîâàííûõ ñëó÷àéíûõ âå-
ëè÷èí. Çäåñü è äàëåå ïðåäïîëàãàåòñß, ÷òî âñå ðàññìàòðèâàåìûå ñëó÷àéíûå âåëè-
÷èíû îïðåäåëåíû íà âåðîßòíîñòíîì ïðîñòðàíñòâå (Ω,F , P ).
Ñëó÷àéíûå âåëè÷èíû X1, . . . , Xn íàçûâàþòñß îòðèöàòåëüíî àññîöèèðîâàííû-
ìè, åñëè äëß ëþáûõ íåïóñòûõ íåïåðåñåêàþùèõñß ïîäìíîæåñòâ A = {i1, . . . , ik}
è B = {j1, . . . , jm}, k +m ≤ n, ìíîæåñòâà {1, . . . , n} è äëß ëþáûõ ïîêîîðäèíàòíî
âîçðàñòàþùèõ âåùåñòâåííûõ ôóíêöèé f(xi1 , . . . , xik) è g(xj1 , . . . , xjm), x1, . . . , xn ∈
R = (−∞,∞} âûïîëíßåòñß íåðàâåíñòâî
E
(
f(Xi1 , . . . , Xik)g(Xj1 , . . . , g(Xjm)
) ≤ Ef(Xi1 , . . . , Xik)Eg(Xj1 , . . . , Xjm),
åñëè óêàçàííûå ìàòåìàòè÷åñêèå îæèäàíèß êîíå÷íû. Ñëó÷àéíûå âåëè÷èíû Xn, n ∈
N, íàçûâàþòñß îòðèöàòåëüíî àññîöèèðîâàííûìè, åñëè äëß ëþáîãî n ∈ N ñëó÷àé-
íûå âåëè÷èíû X1, . . . , Xn îòðèöàòåëüíî àññîöèèðîâàíû.
Ìíîãèå óòâåðæäåíèß îá àñèìïòîòè÷åñêîì ïîâåäåíèè ñóìì íåçàâèñèìûõ ñëó-
÷àéíûõ âåëè÷èí ñïðàâåäëèâû äëß ñóìì îòðèöàòåëüíî àññîöèèðîâàííûõ ñëó÷àé-
íûõ âåëè÷èí. Íàïðèìåð, äîêàçàòåëüñòâî óñèëåííûõ çàêîíîâ áîëüøèõ ÷èñåë Êîë-
ìîãîðîâà äëß íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ñ íåçíà÷èòåëüíûìè èçìåíåíèßìè
ïåðåíîñèòñß íà îòðèöàòåëüíî àññîöèèðîâàííûå ñëó÷àéíûå âåëè÷èíû. Ñ äðóãîé
ñòîðîíû, èìåþòñß ðàçèòåëüíûå îòëè÷èß. Íàïðèìåð, öåíòðàëüíàß ïðåäåëüíàß òåî-
ðåìà äëß ïîñëåäîâàòåëüíîñòè îäèíàêîâî ðàñïðåäåëåííûõ îòðèöàòåëüíî àññîöèè-
ðîâàííûõ ñëó÷àéíûõ âåëè÷èí ñ êîíå÷íûìè äèñïåðñèßìè ìîæåò íå âûïîëíßòüñß.
Õîðîøî èçâåñòíî, ÷òî äëß íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ñ óêàçàííûìè ñâîé-
ñòâàìè öåíòðàëüíàß òåîðåìà èìååò ìåñòî. Íàì ïîíàäîáèòñß îäèí âàðèàíò öåí-
òðàëüíîé ïðåäåëüíîé òåîðåìû.
Òåîðåìà A. Åñëè îäèíàêîâî ðàñïðåäåëåííûå îòðèöàòåëüíî àññîöèèðîâàííûå
ñëó÷àéíûå âåëè÷èíû Xn, n ∈ N, óäîâëåòâîðßþò óñëîâèßì EX1 = 0, EX21 = 1 è










äëß ëþáîãî x ∈ R.
Îáðàòèì âíèìàíèå, ÷òî óñëîâèå îðòîãîíàëüíîñòè E(XkXm) = 0 äëß k 6= m, íå
ñëåäóåò èç îòðèöàòåëüíîé àññîöèèðîâàííîñòè ñëó÷àéíûõ âåëè÷èí Xk è Xm. Îòðè-
öàòåëüíàß àññîöèèðîâàííîñòü âëå÷åò òîëüêî íåðàâåíñòâî E(XkXm) ≤ 0. Òåîðåìó
ìîæíî âûâåñòè èç îáùåé öåíòðàëüíîé ïðåäåëüíîé òåîðåìû [4]. Â óêàçàííîé ñòàòüå
ìîæíî íàéòè ññûëêè íà îáçîðû ñâîéñòâ îòðèöàòåëüíî àññîöèèðîâàííûõ ñëó÷àé-
íûõ âåëè÷èí.
Èç òåîðåìû A ñëåäóåò ñëàáàß ñõîäèìîñòü íåêîòîðûõ ôóíêöèîíàëîâ îò ïîñëå-
äîâàòåëüíûõ ñóìì Sn, n ∈ N. Íàì ïîíàäîáèòñß ïðåäåëüíàß òåîðåìà äëß òåêóùèõ
ìàêñèìàëüíûõ ñóìì.
Òåîðåìà B. Åñëè îäèíàêîâî ðàñïðåäåëåííûå îòðèöàòåëüíî àññîöèèðîâàííûå
ñëó÷àéíûå âåëè÷èíû Xn, n ∈ N, óäîâëåòâîðßþò óñëîâèßì EX1 = 0, EX21 = 1 è
E(XkXm) = 0 äëß ëþáûõ k,m ∈ N, k 6= m, òî
lim
n→∞P{ max1≤k≤nSk < x
√
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äëß ëþáîãî x ∈ R+ = [0,∞).
Òåîðåìó B ìîæíî âûâåñòè èç òåîðåìû A, ïðèäåðæèâàßñü äîêàçàòåëüñòâà ýòî-
ãî óòâåðæäåíèß äëß íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí. Òåîðåìó B ìîæíî òàêæå
âûâåñòè â êà÷åñòâå ñëåäñòâèß ïðèíöèïà èíâàðèàíòíîñòè äëß îòðèöàòåëüíî àññî-
öèèðîâàííûõ ñëó÷àéíûõ âåëè÷èí [5].
2. Îñíîâíûå óòâåðæäåíèß
Â ýòîì ðàçäåëå ìû áóäåì èìåòü äåëî ñ îäèíàêîâî ðàñïðåäåëåííûìè îòðèöà-
òåëüíî àññîöèèðîâàííûìè ñëó÷àéíûìè âåëè÷èíàìè Xn, n ∈ N ñ êîíå÷íûìè âòî-
ðûìè ìîìåíòàìè. Îáîçíà÷èì Sn = X1 + · · ·+Xn, Nε =
∑∞
n=1 I{|Sn−ESn|>εn},Kε =∑∞
n=1 I{max1≤k≤n(Sk−ESk)>εn} äëß ëþáîãî ε > 0.





|Sk − kEX1| > nε} <∞,∀ε > 0. (1)
Åñëè EX21 <∞ è E(XkXm) = EXkEXm äëß ëþáûõ k,m ∈ N, k 6= m, òî
lim
ε→0
ε2ENε = E(X1 − EX1)2, (2)
lim
ε→0
ε2EKε = E(X1 − EX1)2. (3)
Äîêàçàòåëüñòâî. Áåç ïîòåðè îáùíîñòè ìîæíî ñ÷èòàòü, EXn = 0 è EX2n = 1
äëß âñåõ n ∈ N. Ñíà÷àëà ìû äîêàæåì óòâåðæäåíèå (1). Îïðåäåëèì ñëó÷àéíûå
âåëè÷èíû Yn, n ∈ N, ïîëîæèâ
Yn =

εn/16, åñëè Xn > εn/16,
Xn, åñëè |Xn| ≤ εn/16,
−εn/16, åñëè Xn < −εn/16.
Ñëó÷àéíàß âåëè÷èíà Yn ßâëßåòñß ôóíêöèåé Yn = fn(Xn) ñëó÷àéíîé âåëè÷èíû
Xn, ãäå fn(x) = −εn/16, åñëè x < −εn/16, fn(x) = x, åñëè |x| < εn/16, fn(x) =
εn/16, åñëè x > εn/16. Ôóíêöèß fn âîçðàñòàåò. Ïîýòîìó ñëó÷àéíûå âåëè÷èíû
Yn, n ∈ N, îòðèöàòåëüíî àññîöèèðîâàíû. Îáîçíà÷èì S˜n = Y1+· · ·+Yn. Âåðîßòíîñòü
P{max1≤k≤n |Sk| > nε} ìîæíî îöåíèòü ñëåäóþùèì îáðàçîì
P{ max
1≤k≤n
|Sk| > nε} = P{ max
1≤k≤n
|Sk −ES˜n + ES˜n| > nε}
≤ P{ max
1≤k≤n

















P{Xn > εn/16} − εn16P{Xn < −εn/16}.
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Òàê êàê E|X1| < ∞, òî nP{|Xn| > εn/16} = nP{|X1| > εn/16} → 0 ïðè n → ∞.








X1dP = EX1 = 0
ïðè n→∞. Îòñþäà ñëåäóåò, ÷òî limn→∞EYn = 0. Çäåñü ìû âîñïîëüçîâàëèñü òåì,
÷òî ñëó÷àéíûå âåëè÷èíû Xn, n ∈ N, îäèíàêîâî ðàñïðåäåëåíû. Äëß ëþáîãî δ > 0
íàéäåòñß n0 ∈ N òàêîå, ÷òî áóäåò âûïîëíßòüñß íåðàâåíñòâî |EYn| < δ äëß âñåõ











è, ñëåäîâàòåëüíî, lim supn→∞ |ES˜n|/n ≤ δ. Òàê êàê ÷èñëî δ > 0 ìîæíî âçßòü ïðî-
èçâîëüíî ìàëûì, òî limn→∞ |ES˜n|/n = 0. Îòñþäà, â ñâîþ î÷åðåäü, ñëåäóåò, ÷òî
âûïîëíßåòñß íåðàâåíñòâî |ES˜n|/n < δ äëß âñåõ n ∈ N áîëüøå íåêîòîðîãî n′0. Åñëè






Îòñþäà ñëåäóåò (5), òàê êàê ÷èñëî δ > 0 ìîæíî âçßòü ïðîèçâîëüíî ìàëûì.
Èç (4) è (5) âûòåêàåò íåðàâåíñòâî
P{ max
1≤k≤n
|Sk| > nε} ≤ P{ max
1≤k≤n
|Sk − ES˜k| > nε/2} (6)
äëß âñåõ n ∈ N áîëüøå íåêîòîðîãî n′′0 . Äàëåå ïðåäïîëàãàåòñß, ÷òî n > n′′0 . Âåðîßò-
íîñòü ñïðàâà ìîæíî îöåíèòü ñëåäóþùèì îáðàçîì
P{ max
1≤k≤n
|Sk − ES˜k| > nε/2} = P{{ max
1≤k≤n
|S˜k − ES˜k| > nε/2} ∩ ∩nk=1{Xk = Yk}}
+ P{{ max
1≤k≤n
|Sk − ES˜k| > nε/2} ∩ (∪nk=1{Xk 6= Yk})}
≤ P{ max
1≤k≤n




Îáîçíà÷èì σ2k = E(Yk − EYk)2, k = 1, . . . , n, σ2 = σ21 + · · · + σ2n. Çàìåòèì, ÷òî
|Yk − EYk| ≤ nε/8 äëß k = 1, . . . , n. Ïî ëåììå 1 âûïîëíßåòñß íåðàâåíñòâî
P{ max
1≤k≤n
|S˜n − ES˜k| > nε/2} ≤ 2e exp{−2Arsh(n2ε2/(32σ2)}. (8)








σ2k = 1. (9)
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Âûøå áûëî äîêàçàíî, ÷òî EYn → EX1 = 0 ïðè n → ∞. Ñ ïîìîùüþ ïîõîæèõ
ðàññóæäåíèé ìîæíî äîêàçàòü, ÷òî σ2n = EY 2n → EX21 = 1 ïðè n → ∞. Îòñþäà
ñëåäóåò (9) è, ñëåäîâàòåëüíî, âûïîëíßåòñß íåðàâåíñòâî n/σ2 > 1/2 äëß âñåõ n ∈ N
áîëüøå íåêîòîðîãî n′′′0 > n′′0 . Îòñþäà è èç (8) ñëåäóåò, ÷òî
P{ max
1≤k≤n
|S˜n − ES˜k| > nε/2} ≤ 2e exp{−2Arsh(nε2/64)}
≤ 2e exp{−2 ln(nε2/64} = (2e642)/(ε4n2) (10)




|Xk| > εn/16} ≤
n∑
k=1
P{|Xk| > εn/16} = nP{|X1| > εn/16}.
Çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî ñëó÷àéíûå âåëè÷èíû Xn, n ∈ N, îäèíàêîâî





















































Â ðåçóëüòàòå ìû ïîëó÷èëè ñëåäóþùóþ îöåíêó∑
n=n′′′0
nP{|X1| ≥ εn/16} ≤ ε−2
∫ ∞
[n′′′0 /16]
x2dP{|X1| < x}. (12)
Óòâåðæäåíèå (1) ñëåäóåò èç (11) è (12).
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Äîêàæåì óòâåðæäåíèå (2). Îáîçíà÷èì Φ ñòàíäàðòíóþ íîðìàëüíóþ ôóíêöèþ




















(P{|Sn| > nε} − 2Φ(−ε
√
n)) = 0. (13)
Çàïèøåì ðßä â âèäå äâóõ ñëàãàåìûõ
∞∑
n=1















ãäå k  ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî. Ïî òåîðåìå A limn→∞ P{Sn < x
√
n} =
Φ(x) äëß ëþáîãî âåùåñòâåííîãî ÷èñëà x. Îòñþäà ñëåäóåò (ñì. òåîðåìà 11, [6], ñòð.
26), ÷òî limn→∞ supx |P{Sn < x} − Φ(x)| = 0. Ïîýòîìó ∆n = supε |P{|Sn| > εn} −
2Φ(−ε√n)| → 0 ïðè n→∞. Äëß ëþáîãî δ > 0 íàéäåòñß n0 ∈ N òàêîå, ÷òî∆n < δ/k




(P{|Sn| > nε} − 2Φ(−ε
√
n))





























(P{|Sn| > nε} − 2Φ(−ε
√
n)) = 0. (15)
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P{|Sn| > nε} = 0.




















Ïðèíèìàß âî âíèìàíèå (14) è (15), ìû ïîëó÷èì (13).
Äîêàæåì óòâåðæäåíèå (3). Äîêàçàòåëüñòâî ïîõîæå íà äîêàçàòåëüñòâî óòâåð-
æäåíèß (2). Îáîçíà÷èì ÷åðåç G ôóíêöèþ ðàñïðåäåëåíèß èç òåîðåìû B. Çàïèøåì


























Sk > nε} − (1−G(ε
√
n))) = 0. (16)

























ãäå k  ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî. Ïî òåîðåìå B limn→∞ P{max1≤k≤n Sk <
x
√
n} = G(x) äëß ëþáîãî âåùåñòâåííîãî ÷èñëà x. Îòñþäà ñëåäóåò (ñì. òåîðåìà
11, [6], ñòð. 26), ÷òî limn→∞ supx |P{max1≤k≤n Sk < x
√
n} − Φ(x)| = 0. Ïîýòîìó
∆′n = supε |P{max1≤k≤n Sk| > εn} − (1 − G(ε
√
n)| → 0 ïðè n → ∞. Ñ ïîìîùüþ








Sk > nε} − (1−G(ε
√
n))) = 0. (18)
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Sk > nε} = 0.

















Sk > nε} − (1−G(ε
√
n})) = 0.
Ïðèíèìàß âî âíèìàíèå (17) è (18), ìû ïîëó÷èì (16). Òåîðåìà äîêàçàíà.
3. Âñïîìîãàòåëüíûå óòâåðæäåíèß
Â ýòîì ðàçäåëå ìû áóäåì èìåòü äåëî ñ îòðèöàòåëüíî àññîöèèðîâàííûìè ñëó-
÷àéíûìè âåëè÷èíàìè X1, . . . , Xn. Ïðåäïîëîæèì, ÷òî îíè óäîâëåòâîðßþò óñëîâèßì
|Xk| ≤ c è EXk = 0 äëß âñåõ k = 1, . . . , n è äëß íåêîòîðîãî ÷èñëà c > 0. Îáîçíà÷èì
σ2 = EX21 + · · · + EX2n, Sk = X1 + · · · + Xk, k = 1, . . . , n. chx = (ex + e−x)/2,
 ãèïåðáîëè÷åñêèé êîñèíóñ, Arcsh x = ln(x +
√
x2 + 1)  ãèïåðáîëè÷åñêèé àðêñè-
íóñ. Ãèïåðáîëè÷åñêèé àðêñèíóñ ßâëßåòñß ôóíêöèåé, îáðàòíîé ê ãèïåðáîëè÷åñêîìó
ñèíóñó shx = (ex − e−x)/2, x ∈ R = (−∞,∞).
Ëåììà 1. Åñëè ñëó÷àéíûå âåëè÷èíû X1, . . . , Xn óäîâëåòâîðßþò ïåðå÷èñëåí-
íûì óñëîâèßì, òî äëß ëþáîãî x > 0
P{ max
1≤k≤n







Äîêàçàòåëüñòâî. Äëß ëþáîãî h > 0 ïî íåðàâåíñòâó Ìàðêîâà ìû ïîëó÷èì
P{ max
1≤k≤n
|Sk| > x} = P{ch(h max
1≤k≤n
|Sk|) > ch(hx)} ≤ E ch(hmax1≤k≤n |Sk|)ch(hx) .
Â ñòàòüå [7] äîêàçàíî íåðàâåíñòâî E ch(hmax1≤k≤n |Sk|) ≤ E ch(hmax1≤k≤n |S¯k|),
ãäå S¯k = ξ1 + · · · + ξk  ñóììà íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ξ1, . . . , ξk òàêèõ,
÷òî äëß ëþáîãî j = 1, . . . , n ñëó÷àéíûå âåëè÷èíû ξj è Xj èìåþò îäèíàêîâîå ðàñ-
ïðåäåëåíèå. Â ðåçóëüòàòå ìû ïîëó÷èì íåðàâåíñòâî
P{ max
1≤k≤n
|Sk| > x} ≤ E ch(hmax1≤k≤n |S¯k|)ch(hx) . (20)
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×àñòè÷íûå ñóììû S¯k = ξ1+ · · ·+ ξk, k = 1, . . . , n, îáðàçóþò ìàðòèíãàë îòíîñèòåëü-
íî ôèëüòðàöèè σ(ξ1, . . . , ξk), k = 1, . . . , n. Ïî íåðàâåíñòâó Äóáà ([8], ñòð. 285) ìû
èìååì E(max1≤k≤n |S¯k|r) ≤ (r/(r − 1)rE|S¯n|r äëß ëþáîãî ÷èñëà r > 1. Çàìåòèì,
÷òî ch(|x|) = ch(x) äëß ëþáîãî x ∈ R. Ñ ó÷åòîì ýòîãî çàìå÷àíèß ìû ïîëó÷èì
E ch(h max
1≤k≤n
|S¯k|) = E ch(h max
1≤k≤n


















Çäåñü ìû âîñïîëüçîâàëèñü èçâåñòíûì íåðàâåíñòâîì (2r/(2r − 1))2r < e. Îòñþäà è
èç (20) ñëåäóåò, ÷òî
P{ max
1≤k≤n
|Sk| > x} ≤ eE ch(hS¯n)ch(hx) ≤ ee
−hx(EehS¯n + Ee−hS¯n). (21)
Äàëåå ìû áóäåì ñëåäîâàòü ðàññóæäåíèßì èç ñòàòåé [9] è [10]. Òàê êàê ñëó÷àéíûå
âåëè÷èíû ξ1, . . . , ξn íåçàâèñèìû, òî EehS¯n =
∏n
k=1Ee
hξk . Â ñèëó íåðàâåíñòâ α ≤









E(ehξk − 1} = exp{ n∑
k=1







Ïîëîæèì f(α) = (chα − 1)α−2 äëß α 6= 0 è f(0) = 1/2. Ôóíêöèß f íåïðåðûâíà
íà âåùåñòâåííîé ïðßìîé è ÷åòíà. Îíà âîçðàñòàåò íà ïîëîæèòåëüíîé ïîëóïðßìîé,
òàê åå ïðîèçâîäíàß f ′(α) = (α shα − 2(chα − 1))α−3 ïðèíèìàåò íåîòðèöàòåëüíûå
çíà÷åíèß äëß âñåõ α > 0. Óáåäèìñß â ýòîì. Ïåðâûå äâå ïðîèçâîäíûå ôóíêöèè
λ(α) = α shα − 2 chα + 2 ðàâíû λ′(α) = α chα − shα è λ′′(α) = α shα. Òàê êàê
λ′′(α) ≥ 0 è λ′(0) = 0, òî λ′(α) ≥ 0. Ïîýòîìó ôóíêöèß λ(α) âîçðàñòàåò. Òàê êàê
λ(0) = 0, òî λ(α) ≥ 0 è, ñëåäîâàòåëüíî, f ′(α) ≥ 0 äëß âñåõ α > 0.
Òàê êàê |ξk| ≤ c äëß âñåõ k = 1, . . . , n, òî
ch(hξk)− 1 = (ch(hξk − 1)(hξk)−2(hξk)2 ≤ (ch(hc)− 1)c−2ξ2k
è, ñëåäîâàòåëüíî,







Àíàëîãè÷íî ìîæíî äîêàçàòü íåðàâåíñòâî
Ee−hS¯n ≤ exp{2(ch(hc)− 1)c−2σ2}.
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Îòñþäà è èç (21) ñëåäóåò, ÷òî
P{ max
1≤k≤n
|Sk| > x} ≤ 2e exp
{− hx+ 2(ch(hc)− 1)c−2σ2}.
Ïîêàçàòåëü â ýêñïîíåíòå ïðèíèìàåò ñâîå ìèíèìàëüíîå çíà÷åíèå −Q(x, c, σ) ïðè
h = (x/c)Arcsh(xc/2σ2). Òåì ñàìûì äîêàçàíî ïåðâîå íåðàâåíñòâî â (19). Âòîðîå
íåðàâåíñòâî äîêàçàíî â [10]. Ëåììà äîêàçàíà.
Ëåììà 2. Ïóñòü Φ îáîçíà÷àåò ñòàíäàðòíóþ íîðìàëüíóþ ôóíêöèþ ðàñïðå-














Φ(−ε√n) = 1/2. (23)
Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà óòâåðæäåíèå (22). C ïîìîùüþ èíòåãðèðî-













2/2du, x > 0.







2/2, x > 0.






























































Óòâåðæäåíèå (23) äîêàçàíî â ñòàòüå [11]. Ðàäè ïîëíîòû èçëîæåíèß ìû ïðèâå-
































Òàê êàê ôóíêöèß e−u2/2, u > 0, óáûâàåò, òî
εn(
√
n+ 1−√n)e−ε2(n+1)/2 < nan < εn(
√
n+ 1−√n)e−ε2n/2.










































































































































































Äîêàçàòåëüñòâî ïîñëåäíåãî ðàâåíñòâà â (24) ìîæíî íàéòè â ([12], ñòð. 754 è 747).
Ïðîèçâîäíàß ôóíêöèè √ue−ε2u/2, u > 0, ðàâíà u−1/2e−ε2u/2(1 − ε2u). Ïîýòîìó








2(n+1)/2, åñëè n+ 1 ≤ ε−2,√
ne−ε
2n/2, åñëè n > ε−2.
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Îòñþäà ñëåäóåò, ÷òî íèæíèé ïðåäåë â (25) áîëüøå èëè ðàâåí 1/2. Óòâåðæäåíèå
(23) ßâëßåòñß ñëåäñòâèåì óòâåðæäåíèé (24) è (25). Ëåììà äîêàçàíà.





























































Â ñòàòüå äîêàçàíû àíàëîãè òåîðåì Åðäåøà è Õåéäè î ïîëíîé ñõîäèìîñòè ñóìì
íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí. Ýòè òåîðåìû îáîá-
ùåíû íà îòðèöàòåëüíî àññîöèèðîâàííûå ñëó÷àéíûå âåëè÷èíû. Äîêàçàòåëüñòâî îñ-
íîâàíî íà íîâîì ìàêñèìàëüíîì íåðàâåíñòâå äëß ñóìì îòðèöàòåëüíî àññîöèèðîâàí-
íûõ ñëó÷àéíûõ âåëè÷èí. Ýòî íåðàâåíñòâî ñàìî ïî ñåáå ïðåäñòàâëßåò èíòåðåñ, òàê
êàê ìîæåò áûòü ïðèìåíåíî âî ìíîãèõ àíàëîãè÷íûõ ñèòóàöèßõ.
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